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Here we will complete our study of Archimedes’ text The Sand Reckoner. Here Archimedes’
estimates the number of grains of sand that fit inside the “universe.” The text is a letter
addressed to King Gelo II, the ruler of the city of Syracuse (in Sicily), where Archimedes
lived. Archimedes begins by remarking “that there are some who think that the number
of sand” is infinite, while others think that it is finite but larger than all named numbers.
Archimedes’ goal is to show the quantity can be described by a number system that he
had developed in previous work (a work that unfortunately has been lost).

THE SIZE OF THE UNIVERSE

Archimedes takes as the “universe” a sphere centered at the Earth with radius equal
to the distance to the sun. The first thing that he does is estimate the size of this sphere.
I am going to ignore the details of this. It is interesting, but a digression for the main
topic at hand. Archimedes begins with a few basic empirical observations that he states
as assumptions:

(1) The perimeter of the Earth is about 3,000,000 stadia and not greater.
(2) The diameter of the Earth is greater than the diameter of the moon, and the diam-

eter of the sun is greater than the diameter of the Earth.
(3) The diameter of the sun is about 30 times the diameter of the moon and not greater.
(4) The diameter of the sun is greater than the side of the chiliagon (a regular polygon

with 1,000 sides) inscribed the greatest circle in the (sphere of the) universe.

Observe that the perimeter of the Earth is measure in stadia, a standard Greek measure
of length. One stadion is roughly equal to 150 meters.

Each of the above assumptions had either been established earlier by Greek astronomers
or had been verified experimentally by Archimedes. From this, Archimedes computes the
distance from the Earth to the sun by a geometric argument. I want to focus on his num-
ber system, so I am going to gloss over the details of the geometry.

ESTIMATING GRAINS OF SAND

The result of Archimedes’s computation is his estimate that the diameter of the univer-
sity is a myriad (= 104) times the diameter of the Earth. The diameter of the Earth he
estimated to be 106 stadia, which gives that the diameter of the universe is 1010 stadia.
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To estimate the amount of sand that fits inside this sphere, he makes the following
assumption:

Suppose that a quantity of sand taken not greater than a poppy-seed, and
suppose that it contains not more than a myriad of grains.

Next suppose that the diameter of the poppy-seed to be not less than
one-fortieth of a finger-breadth.

The term “finger-breadth” is Heath’s translation of the name for a Greek measurement of
length, the “daktylos.” The measurement is approximately 19.3 millimeters or a myriad
of daktyloi.

With this, we can estimate the number of grains of sand that fit into the sphere as
follows. The volume of a x grains poppy-seed is

x · 4
3
π(1/80)3 cubic daktyloi.

This equals the volume
4

3
π(1/2)3 cubic daktyloi.

of a sphere of diameter 1 daktylos when x = 403 = 64, 000. Archimedes takes this as
his estimate for the number of poppy-seeds that fit into the larger sphere (this is just
an upper bound; if you think about packing the seeds, there will be space between the
seeds). Each poppy-seed contains 10, 000 grains of sand, so the number of grains of sand
that fit into the larger cube is 640, 000, 000 which Archimedes rounds up to one billion,
1, 000, 000, 000 = 109.

What happens if we replace the sphere of diameter 1 daktylos with one of diameter 1010

stadion? One stadion equals 104 daktyloi, so the diameter of the universe is 1014 daktyloi.
By comparing volumes of spheres, we get that the number of grains of sand will change
by a factor of (1014)3 = 1042. Thus

grains of sand in the universe ≈ 1051.

This is, indeed, a large number. It is larger than most of the large quantities that we came
up with in class. The only number that is larger is the size of the mathematical object
knows as the “monster group.” This is a set with ≈ 8 ·1052 elements, so it is larger, but not
that much larger.

ARCHIMEDES’ NUMBER SYSTEM

Of course, Archimedes did not express his estimate as 1051. He did not use our Western
numeral system (which only came into use centuries after Archimedes’ died). The whole
point of this letter was to demonstrate the new numerical system he had constructed.

Archimedes describes the system as follows. Recall that Greek numerical system had

symbols for writing down numbers between 1 = α and 108 =
M

M. and Archimedes calls
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these the “first numbers” or numbers of the first order (in Heath’s translation). To em-
phasize the role of Greek numerals, let’s call these the numbers of order α. The last such

number, the number
M

M, is called the “unit” or “monad” of numbers of order β. These are

the numbers obtains by starting with one more than
M

M and then listing numbers in order

until we have listed
M

M numbers. In modern notation, these are the numbers 108 + 1 to
1016.

Archimedes then continues in this manner. The numbers of the γ order are the
M

M
numbers that come after the largest number of order β. In this manner, we have numbers

of every order up to an including order
M

M. Switching to modern notation, the numbers
of order n are the numbers between 108(i−1) + 1 to 108i. Thus the largest number of largest
order is 10800,000,000 = 108·108 .

Achimedes does not, however, stop at 108·108 . The numbers between 1 and 108·108 are
called numbers of the first period or period α. Following them, we have the numbers
second period or period β. As with the numbers of the first period, those of the second

period are divided into orders α through
M

M, each consisting of a myriad of myriad of
consecutive numbers: if

P = 108·(10
8), then

In general, numbers of i-th order of the j-th period are those between 108·i · Pj−1 + 1 and
108·i · Pj−1 + 1

Comparing the Archimedes’ number system with our estimate for the number of grains
of sand in the universe, we get that

the number of grains of sand in the universe = a number of order ζ of the α period

So the number grains of sand of sand is a large number, but one easily expressible in terms
of Archimedes’ system.

How did Archimedes compute with his number system? The bounds for the numbers
in a given period are numbers in geometric series: Pj−1, 108 · Pj−1, 102·8 · Pj−1 . . . . Thus
multiplying by a myriad of myriads moves every number one term to the right. In other
words, a number of order i in the period j is send to a number of order (i+1) in the period

j unless i is equal to
M

M, in which case the number is sent to a number of the α order of the
next period. More generally, multiplying by the n-th term in the sequence moves number
n terms to the right; diving moves everything to the right.

When Archimedes estimates the number of grains of sand that fit into the universe, he
starts with an estimate for the number of grains of sand in a sphere of diameter equal to
one daktylos. This is a number of order β. He then checks that, if we expand the sphere
to one of diameter equal to the distance from the Earth to the sun, then number of grains
of sand is multiplied by approximately five myriads of myriads.

Of course, Archimedes’s full number system is not needed to estimate the number of
grains of sand that fit inside the universe. He does not even need to more use of numbers
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Archimedes’s name Range of numbers

Period α
Period α, order α 1 to 108

Period α, order β 108 + 1 to 102·8

Period α, order γ 102·10
8
+ 1 to 103·8

. . . . . .

Period α, order
M

M 108·10
8−1 + 1 to 108·108 = P

Period β
Period β, order α P + 1 = 108·10

8
+ 1 to 108·(108+1)

Period β, order β 108·10
8+1 + 1 to 108·(108+2)

Period β, order γ 108·10
8+2 + 1 to 108·(108+3)

. . . . . .

Period β, order
M

M 1016·10
8−1 + 1 to 1016·108 = P2

Period γ
Period γ, order α P2 + 1 to 108 · P2
Period γ, order β 108 · P2 + 1 to 102·8 · P2
. . . . . .

Period γ, order
M

M 1024·10
8−1 + 1 to P3

. . . . . .

Period
M

M

Period
M

M, order α P10
8−1 + 1 to 108 · P108−1

Period
M

M, order β 108 · P108−1 + 1 to 102·8 · P108−1
. . . . . .

Period
M

M, order
M

M 1010
8−1 · P108−1 to P108

TABLE 1. Archimedes’ number system

of the second period. In The Sand Reckoner, Archimedes writes that he developed the
number system in an earlier work. Unfortunately, that work has been lost, so unless it
is rediscovered, we can only speculate about how Archimedes made use of his number
system of orders and period.

DEPT. OF MATHEMATICS, UNIVERSITY OF CALIFORNIA AT SANTA CRUZ
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